By considering observational constraints from the recent Union2.1 Supernova type Ia data, the baryon acoustic oscillations data, the cosmic microwave background shift parameter measurement by Planck and the observational Hubble parameter H(z) data we obtain a lower bound on the initial value of the quintessence field in thawing quintessence models of dark energy. For potentials of the form V (φ) ∼ φ ±2 we find that the initial value φi > 7 × 10 18 GeV. We then relate φi to the duration of inflation by assuming that the initial value of the quintessence field is determined by quantum fluctuations of the quintessence field during inflation. From the lower bound on φi we obtain a lower bound on the number of e-foldings of inflation, namely, N > 2 × 10 11 .
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PACS numbers:
I. INTRODUCTION
Cosmological observations [1] [2] [3] of the past one and a half decades indicate that the Universe is undergoing accelerated expansion. Although a non-zero cosmological constant can explain the current acceleration of the Universe, one still has to explain why it is so small and why only at recent times it has started to dominate the energy density of the Universe [4] . These issues have motivated the exploration of alternative theories to explain the late time acceleration as due to a source of energy referred to as dark energy [5] [6] . A quintessence model is one amongst such theories where the dark energy arises from a scalar field φ rolling slowly down a potential.
The equation of state parameter w can be defined as the ratio of the pressure to the energy density w = p/ρ.
A cosmological constant is equivalent to w = −1 whereas a quintessence field generates a time dependent equation of state w(t) > −1. Caldwell and Linder [7] showed that the quintessence models in which the scalar field rolls down its potential towards a minimum can be classified into two categories, namely freezing and thawing models, with quite different behavior. In thawing models at early times the field gets locked at a value away from the minimum of the potential due to large Hubble damping. At late times when Hubble damping diminishes, the field starts to roll down towards the minimum. These models have a value of w which begins near −1 and gradually increases with time. In freezing models the field rolls towards its potential minimum initially and slows down at late times as it comes to dominate the Universe. These models have a value of w which decreases with time. In both cases w ≈ −1 around the present epoch. Thawing models with a nearly flat potential provide a natural way to produce a value of w that stays close to, but not exactly equal to −1. The field begins with w ≈ −1 at high redshifts, and w increases only slightly by low redshifts. These models depend on initial field values (in contrast with freezing models of quintessence).
In the present work we evaluate the cosmological consequences of the evolving quintessence field by considering various observational datasets and obtain plausible initial values of the scalar field φ i in the context of thawing models. The bound on the the allowed values of φ i has been previously obtained in Ref. [8] . Our current numerical analysis provides stronger constraints on φ i . We then relate the initial value to quantum fluctuations of φ during inflation and thereby to the duration of inflation. Our work in this article is organised as follows. In section II we describe the thawing quintessence model in the standard minimal framework. In section III we provide a detailed description of the datasets used to obtain the observational constraints on the parameters of the model. In section IV we use the results obtained in our investigation to obtain a lower bound on the initial value of φ. We then discuss the generation of the initial value by quantum fluctuations during inflation and use the lower bound on φ i to obtain a lower bound on the number of e-foldings of inflation, N . We end with our conclusions in section V.
II. THE THAWING QUINTESSENCE SCENARIO
We will assume that the dark energy is provided by a minimally coupled scalar field φ with the equation of motion for the homogeneous component given bÿ
where the Hubble parameter H is given by
Here a(t) is the scale factor, ρ is the total density, and M 2 p = (8πG) −1 is the reduced Planck mass. Eq. (2) indicates that while the field rolls downhill in the potential V (φ), its motion is damped by a term proportional to H. The pressure and density of the scalar field are given by
and
respectively, and the equation of state parameter w is given by Eq. (1). At late times, the Universe is dominated by dark energy due to φ, and non-relativistic matter; we can neglect the radiation component. 1 We assume a flat Universe so that Ω φ + Ω m = 1. Then Eqs. (2) and (3) can be rewritten in terms of the variables x, y, and λ defined by
where the prime denotes the derivative with respect to ln a; e.g., φ ′ ≡ a(dφ/da). x 2 gives the contribution of the kinetic energy of the scalar field to Ω φ , and y 2 gives the contribution of the potential energy, so that
while the equation of state is rewritten as
It is convenient to work in terms of γ, since we are interested in models for which w is near −1, so γ is near zero. Eqs. (2) and (3), in a Universe containing only matter and a scalar field, become [9] 
where
1 In our numerical analysis we will go back in time till decoupling. At that epoch the energy density in radiation will be more than that in φ. The radiation component Ωr is included in our numerical analysis.
We numerically solve the system of Eqs. (11) - (13) for various power law potentials from an initial time at decoupling t i till t 0 today. We choose γ i ∼ 0, and for different values of λ i and Ω m0 = 1 − Ω φ0 (using the flatness condition) we obtain x, y and λ as functions of a.
2 The information about the potential is encoded in the parameter Γ given above. We use our solutions for x, y and λ and the relation a −1 = 1 + z (with a 0 = 1) to express the normalized Hubble parameter as
We then utilise this expression of the Hubble parameter to calculate the luminosity distance and angular diameter distance and relate them and H to the observations of type Ia supernovae (SN) data [10] , the baryon acoustic oscillations (BAO) data [11] , the cosmic microwave background (CMB) shift parameter [12] and the observational Hubble parameter (HUB) data [13] and constrain the parameter space for each model defined by the values of λ i and Ω m0 . The allowed values of λ i from our numerical analysis give constraints on φ i , the value of φ at decoupling. Based on our arguments below, φ i ∼ φ I , where φ I is the value of φ at the end of inflation. We then study the conditions on inflation to obtain φ I .
III. OBSERVATIONAL DATASETS
We use the χ 2 analysis to constrain the parameters of our assumed parameterization. We will use the maximum likelihood method and obtain the total likelihood function for the parameters λ i and Ω m0 in a model as the product of independent likelihood functions for each of the datasets being used. The total likelihood function is defined as
is associated with the four datasets mentioned above. The best fit value of parameters is obtained by minimising χ 2 with respect to λ i and Ω m0 . In a two dimensional parametric space, the likelihood contours in 1σ and 2σ confidence region are given by ∆χ 2 = χ 2 − χ 2 min = 2.3 and 6.17 respectively.
A. Type Ia Supernovae
Type Ia supernovae are very bright and can be observed at redshifts upto z ∼ 1.4. They have nearly the same luminosity which is redshift independent and well calibrated by the light curves. Hence they are very good standard candles.
The distance modulus of each supernova is defined as
where the theoretical Hubble free luminosity distance D th L in a flat universe for a model is given by
th L is the luminosity distance, H is obtained from Eq. (15), and µ 0 is the zero point offset.
We construct the χ 2 for the supernovae analysis after marginalising over the nuisance parameter µ 0 as [14] 
(A should not be confused with the coefficient of the V ∼ φ −2 potential.) µ obs (z i ) is the observed distance modulus at a redshift z i and σ µ obs (z i ) is the error in the measurement of µ obs (z i ). The latest Union2.1 compilation [10] of supernovae Type Ia data consists of the measurement of distance modulii µ obs (z i ) at 580 redshifts z i over the range 0.015 ≤ z ≤ 1.414 with corresponding σ µ obs (z i ). In our analysis we include the χ 
B. Baryon Acoustic Oscillations
Baryon acoustic oscillations (BAO) refers to oscillations at sub-horizon length scales in the photon-baryon fluid before decoupling due to collapsing baryonic matter and counteracting radiation pressure. The acoustic oscillations freeze at decoupling, and imprint their signatures on both the CMB (the acoustic peaks in the CMB angular power spectrum) and the matter distribution (the baryon acoustic oscillations in the galaxy power spectrum). To obtain the constraints on our models from the BAO we use the comoving angular diameter distance
The redshift at decoupling z * is obtained from the fitting formula in Ref. [15] as 1090.29. 3 The dilation scale D V [16] is given by
where H(z, λ i , Ω m0 ) is obtained from Eq. (15). We construct the χ 2 for the BAO analysis as
are the values predicted by
from observations given in Table 1 of Ref. [11] , and (C ij ) −1 is the inverse covariance matrix in Eq. (3.24) of Ref. [11] . We include χ 2 BAO in Eq. (17).
C. Cosmic Microwave Background
The locations of peaks and troughs of the acoustic oscillations in the CMB angular spectra are sensitive to the distance to the decoupling epoch. To obtain the constraints from CMB we utilise the shift parameter R from Planck [12] . The CMB shift parameter R is given by
where d th A (z * , λ i , Ω m0 ) is given by Eq. (22). The shift parameter R(z * ) from Planck observations is 1.7499 ± 0.0088 [12] . Thus we obtain χ 2 CMB as
(25) 3 In calculating z * we have used the mean values of Ω b0 h 2 and Ω c0 h 2 from Planck+WP [12] .
D. The observational Hubble parameter H(z)
The parameter H(z) describes the expansion history of the Universe and plays a central role in connecting dark energy theories and observations. An independent approach, regarding the measurement of the expansion rate is provided by 'cosmic clocks'. The best cosmic clocks are galaxies. The observational Hubble parameter data can be obtained based on differential ages of galaxies.
Recently, Farooq et al. have compiled a set of 28 datapoints for H(z) data, listed in Table 1 of Ref. [13] . We use the measurements from Ref. [13] of the Hubble parameter H obs (z i ) at redshifts z i , with corresponding one standard deviation uncertainties σ i , and the current value of the Hubble parameter H 0 = 67.3 ± 1.2 km
with H th (z, λ i , Ω m0 ) obtained from Eq. (15), and σ H obs obtained from σ i and the uncertainty in H 0 .
IV. RESULTS AND DISCUSSION
In Fig. 1 we present the likelihood contours for models in the λ i and Ω m0 phase space for fixed γ i separately for each dataset discussed in the previous section (for the quadratic potential). In Figs. 2 and 3 we present the likelihood contours after combining all the datasets for each potential. We find that for V ∼ φ 2 the values of |λ i | greater than 0.67 are excluded at 2 σ confidence level whereas for V ∼ φ −2 the values of |λ i | greater than 0.72 are excluded at 2 σ confidence level. The best fit value for Ω m0 in both cases turns out to be 0.30 which is well within the bounds on Ω m0 by Planck [12] . The best fit value for λ i is 0.0008 and 0.0009 respectively.
From Eq. (8),
18 GeV. Hereafter we take φ i positive and
GeV (28) for both potentials. One may obtain a similar bound, for the quadratic potential, by equating the energy density in φ today, ρ φ0 ≈ (1/2)m 2 φ 2 i , with Ω φ0 3H 2 0 /(8πG), where one has assumed that the light quintessence field has not evolved much since decoupling. Then for Ω φ0 = 0.7 [12] and m < ∼ H 0 one gets φ i > ∼ 2.04 × 10 18 GeV, similar to the bound in Eq. (28). However, a priori one would not necessarily expect similar results. We note that the likelihood contours for both the potentials look very similar. This indicates that the datasets that we compare with are not able to distinguish between the different potentials under consideration. We have confirmed that the plots of x, y, λ and Ω φ as functions of a, for Ω m0 = 0.3 show variations between the potentials, but the key parameter that is relevant for comparison of the models with the different datasets is H(z). In Fig. 4 we plot H against z for both potentials for different values of λ i with Ω m0 = 0.3. The curves for the two potentials for the same λ i are degenerate. While the curves in H do not appear to be different for different λ i for the same potential the data does indicate a relative difference in the likelihoods for different points in the λ i − Ω m0 plane. This is because the SN and CMB datasets disfavor large value of λ i , as seen in Fig.  1 . The SN data has a large number of datapoints while the CMB shift parameter is very precisely measured and hence these datasets are more sensitive to the variations in λ i .
We now consider plausible values of φ i that one may obtain in an inflationary universe by considering a condensate of φ being generated due to quantum fluctuations during inflation. A light scalar field of mass m (m ≪ H I , where H I is the Hubble parameter during inflation) will undergo quantum fluctuations during inflation. The fluctuations are given by Eq. (7) of Ref. [17] (we presume H I does not vary during inflation)
where N is the number of e-foldings of inflation. We consider the case where m 2 N ≪ H 2 I . Then
Ignoring an initial value of φ at the beginning of inflation, and any potential driven classical evolution, the value of φ at the end of inflation is
The above discussion is in the context of a quadratic potential, V = 1 2 m 2 φ 2 . For V = Aφ −2 we presume that the potential is very flat during inflation and so Eq. (30) again describes the evolution of φ.
After inflation φ will evolve in two ways.
• φ will evolve classically in its potential V (φ). Our numerical analysis in Fig. 5 shows that the field does not evolve much between decoupling and the present epoch. We expect its evolution is slower at earlier times. Therefore we may ignore the evolution of φ from the end of inflation till decoupling.
(For a quadratic potential, m ≪ H 0 ≪ H I and therefore the assumption φ i ∼ φ I is obviously justified.)
• After inflation, modes of the φ field re-enter the horizon (during the radiation and matter dominated eras). These should no longer be considered part of the homogeneous φ condensate at late time. This can affect φ by removing φ fluctuations generated over the last 30-60 e-foldings of inflation. But our constraint on N below will be many orders of magnitude larger so we can ignore this too in our use of Eq. (31).
Therefore we may take φ i ≈ φ I , i.e., we presume the field φ has not evolved much from inflation till decoupling. From our analysis above we have φ i > 7 × 10 18 GeV. Then, from Eq. (31), we get a lower bound on N as
From the Planck bound on the tensor-to-scalar ratio, H I < 9 × 10 13 GeV [18] . Therefore we finally obtain 
V. CONCLUSIONS
In this article we have numerically solved for the evolution of the quintessence field φ in thawing models of dark energy for potentials of the form V ∼ φ ±2 and different values of Ω m0 and λ i = −(M P /V )dV /dφ = ∓M P /φ i , where φ i is the field value at decoupling. From this we obtain the Hubble parameter H(z), and the luminosity distance and angular diameter distance, as given in Eqs. (15, 19) and (22) respectively We then relate them to the observations of type Ia supernovae data, the baryon acoustic oscillations data, the cosmic microwave background shift parameter and the observational Hubble parameter data to constrain the values of λ i and Ω m0 . The likelihood contours for the two potentials looks very similar (due to similar H(z) behaviour) and in both the cases we obtain φ i > 7×10
18 GeV. We have argued that φ does not evolve much between the end of inflation and decoupling and then considered a scenario where the field value at the end of inflation φ I is due to quantum fluctuations of φ during inflation. This allows us to use the lower bound on φ i ≈ φ I to constrain the duration of inflation -the number of e-foldings N is constrained to be greater than 2 × 10 11 , for H I < 9 × 10 13 GeV.
The inflationary paradigm does not stipulate an upper bound on N and so large values of N such as that required above are plausible. Large values of N are more likely in large field inflation models as discussed in Ref. [20] . However very large values of N can imply a large variation (≫ M P ) in the inflaton field during inflation which can be problematic if the inflationary scenario constitutes a low energy effective field theory derivable from some Planck scale theory [21] . On the other hand, one can get a large value of N in eternal inflation scenarios without a large net variation in the inflaton field [22] .
